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SCHWARZ MAPS ASSOCIATED WITH THE TRIANGLE 
GROUPS (2,4,4) AND (2,3,6) 

YUTO KOGUCHI, KEIJI MATSUMOTO, AND FUKO SETO 


Abstract. We study the Schwarz maps with monodromy groups isomorphic 
to the triangle groups (2,4,4) and (2,3,6) and their inverses. We apply our 
formulas to the study of mean iterations. 


Contents 


1 . 

Introduction 


1 

2 . 

The Schwarz map 


2 

3. 

Theta functions 


4 

4. 

The Schwarz map for (a, /3, 7 ) 

= (1/4,0,1/2) 

8 

5. 

The Schwarz map for (a, /3, 7 ) 

= (1/3,0,1/2) 

13 

6 . 

Limits of mean iterations 


20 

References 


23 


1. Introduction 


The Gauss hypergeometric function F{a, (3, 7 ; z) is defined by the series 




00 


E 

n=0 


(a,n)(/3,n) 

( 7 ,n)(l,n) 


where 2 : is the main variable in the unit disk D = {2 G C | | 2 | < 1}, a,/ 3,7 are 
parameters with 7 ^ 0 , —1, —2,..., and (a, n) = a{a + 1) • • • (a + n — 1). This 
function admits an integral representation 

(1.1) —I r 

r(a)r( 7 - a) A 

and satisfies the hypergeometric differential equation 

(1.2) J'(a,/ 3 , 7 ) : 2(1 - z)f"{z) + {7 - {a + 15+ l)z}f{z) - al3f{z) = 0, 


which has only singular points of regular type at 2 = 0,1, 00 . The Schwarz map is 
defined by the continuation to A = C—{0,1} of the ratio of two linearly independent 
solutions to F{a, /?, 7 ) in a small simply connected domain in X. 

In this paper, we study the Schwarz maps for two sets of the parameters 


KA7) = (io,i), (io,l). 


The monodromy groups of F{a, f5, 7 ) for these sets of parameters are reducible and 
isomorphic to the triangle groups (2,4,4) and (2, 3, 6 ), respectively. We give circuit 
matrices generating these groups in Corollary 1. The images of the Schwarz maps 
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are the quotient of the complex torus Ei = C/(iZ + Z) by the the multiplicative 
group {i) = {±l,±i} for {a, (3,^) = (^,0, i), and that of = C/(CZ + Z) by 

(C) = {±1,±C,±C^} for {a, 13,-/) = (^,0, i), where i = and ( = 

We consider elliptic curves 

Ci : u'^ = — 1), Cq •. vP = t^{t — 1), 

and relate these Schwarz maps and the Abel-Jacobi maps 


Ji ■ Ci ^ Ei, Jc : —>■ E^ 


defined by incomplete elliptic integrals on Ci and on Cc;. We express the inverses 
of these Schwarz maps in terms of the theta function 3)a,b{z,T) with characteristics 
a, 6; see Theorem 1 and Theorem 3. As corollaries, some 'da,t)(0,*) and da,b{0,O 
are evaluated in terms of the Gamma function. We study the pull-back of the 
(1 -I- i)-multiple on Ei and that of the (1 -I- C)-multiple under the corresponding 
Abel-Jacobi maps. We apply these results to the study of mean iterations. We 
show that the formula in Theorem 2 yields a limit formula of a mean iteration 


n 

lim mo ■ ■ ■ o m(a, h) 

n—¥OQ 


where a > b > 0 and 


1 5.1 b^ \ 

f U’ 2’ 4’ 


2 ’ 


m : (a, h) i-A- 



We have a similar result from the (1 -I- C)-inultiple formula on the elliptic curve E,^ 
in Theorem 4. It is studied in [HKM] that these limit formulas for mean iterations 
can be obtained from transformation formulas for the hypergeometric function in 
[G]. We elucidate a geometric background of these limit formulas as multiplications 
on the complex tori Ei and Eq . 


2. The Schwarz map 

2.1. Fundamental system of solutions to E{a,b,c). We define the Schwarz 
map as the ratio of solutions to E{a,f3,'y) given by the Euler type integral repre¬ 
sentations 

rli 

where 

0 < Re(Q;) < Re( 7 ), Re(/3) < 1. 

For an element x \nU = {x € X \ max(|a;|, |1 — a;|) < l,Im(x) > 0}, they can be 
expressed by the hypergeometric series. By (1.1), 

f 2 {x) = B{'y-a,a) ■ F{a,P,'y,x), 

where B{*, *) denotes the beta function. By the variable change 

x — 1 . s + x—1 , (x — l}ds 

s=- —-, i.e. t= -, dt = - 5 - 

t — 1 s 

for the integral representation of fi(x) and (1.1), we have 

fi(x) = e”^^““^E (7 - a, 1 - /3)(1 - ■ F(j - a,j -/3,j - a -/3 + 1; 1 - x), 
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where 9 i = argx and 6*2 = arg(l — x) belong to the open interval (—7r/2,7r/2), and 
the arguments of t, t — x, t — 1 on the open segments (l,x) and (l,oo) take values 
in the intervals in Table 1 . Here pay your attention to the argument of t — 1 and 
the orientation of the path integral. 



t G (a;, 1) 

t G ( 1 , 00) 

arg(f) 

[min(0, 01), max(0, 0i)] 

0 

arg(t — x) 

02 

[min(0,02), max(0,02)] 

arg(t - 1) 

71 - 1-02 

0 


Table 1. Arguments of t, t — x and t — 1 


Remark 1. When /? = 0, the solution fi{x) is expressed as 

fi{x) = - (1 - xy~°‘ ■ F (7 - a, 7,7 - a + 1;1 - a;) 

7 — a 

for |x — 1| < 1, and the solution f2{x) reduces to a constant 


5(7 — Of, a) 


r{"f — a)r[a) 

W) 


2 . 2 . Monodromy representation of J^(a, 6, c). We take a base point a; in ? 7 . Let 
Af be the monodromy representation of fF{a,fi,'y) with respect to the base point 
X. It is the homomorphism from the fundamental group 7ri(A', i:) to the general 
linear group of the local solution space to fF{a^ / 3 ,7) on U arising from the analytic 
continuation along a loop with terminal x. We denote the image of £ G 7ri(A, x) by 
Ml- Let and £\ be a loop starting from x turning positively around the point 
a; = 0 and that around the point x = 1 , respectively. Since Tri{X,x) is generated 
by £0 and £1, M is determined by Mo = Meg and Mi = M^i- By the basis 
*(/i(x),/2(a;)), the transformations Mo and Mi are represented by matrices Mq 
and Ml. That is, the basis ‘(/i(x),/2(a:)) is transformed into 





by the analytic continuation along the loop £i. They are expressed by the intersec¬ 
tion matrix 


as in [Ma]. 


/ e( 7 - q) - e(/3) 
e (7 — a) — 1 

-e(/ 3 ) + 1 

\ e (7 — a) — 1 


(e (7 


—e(7 — a) 
e(j — a) — 1 

-e(7) + 1 
— a) — l)(e(a) — 1 


\ 

)/ 


Proposition 1 . Suppose that 

a, a — 7, /3 — 7 ^ Z. 

Then we have 

Xq — 1 


Mo — X0I2 — 


e2H e 


6^62 = 


Mi=l 2 - ejei = 

eiH el 


e(— 7 ) 1 — e(—o) 

0 1 

0(7 — a — j5) 0 \ 

-l + e(-/3) ij’ 
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where Aq = e(—7), Ai = 0(7 — a — /3), 


I 2 = 


1 0 
0 1 


ei = (l,0), 62 = (0,1), 


ei = 


e, = 


We use this proposition for /3 G Z with a base change 


1 


0 


( fiix)\ 


yO l-e(a)y \f2ix)J 
Corollary 1. In this case, Mq and Mi are transformed into 

Ni = 


Nn = 


e(-7) -e(-a) 

0 1 


0(7 — a) 0 

0 1 


respectively. When = (4,0, i), Nq, Ni, (NqNi) ^ are 


— 1 i 
0 1 


i 0 
0 1 


i 1 
0 1 



The group generated by these matrices is isomorphie to the triangle group (2,4,4), 
and to the semi-direct product (i) ik Z[i]. When = (^,0,^), Nq, Ni, 

[NijNi)~^ are 

-1 C\ (C 0\ (e 1\ l + 

0 ij ’ \0 ij ’ \0 ij ’ ^ 2 ' 


The group generated by these matrices is isomorphic to the triangle group (2,3,6), 
and to the semi-direct product {^) ik Z[C]. 


3. Theta functions 

3.1. Basic prop0rti0s of 'da,b- The theta function with characteristics is defined 
by 

'da.b{z,T) — exp(7ri(n + a)^r + 2Tri{z + b)), 

where z € C and r G H are main variables, and a, b are rational parameters. For 
a fixed T, we denote 'da,b{z,T) by da,b{z). In this subsection, we collect useful 
formulas for i9a,b(z,T) in our study from [I] and [Mu]. 

It is easy see that this function satisfies 

a^T 

'^a,b(z, t) = e(— + a(z + b))do,o(z + or + 6, r), 

•d-a-b(z,T) = da,b(-Z,T), 

P^T 

^a,b(z + pr + g, t) = e(aq - - - pz - bp)da,b(z, r) 

i9a+p,b-bqiz:,T) = e(aq)i9a,b(z,T), 
l9a,b(z -h CT -h d,T) _ , ■da+c,fc+d(-g,r) 

i9a',b'(z-h CT-h d,r') '^'^da'+c,&'+d(2:,r) ’ 

where p,q £ Z and o', b' G Q. 

It is known that ila.biz) = 0 if and only if 

( - a + p+i)r + ( - 6 +g +i) {p,q£Z), 

and they are simple zeroes. If (oi, 61 ),..., (or, fo) and (a'l, b{),..., (a(., 6(.) satisfy 

r r 

^(Oi, bi) = ^(a', b'f) mod Z^ 

i—1 i—1 
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then the product 


nz) = n 
2=1 


'&ai,bX^) 


becomes an elliptic function with respect to the lattice L^- 
meromorphic on C and satisfies 


Zt + Z, i.e., it is 


F{z) = F{z + 1) = F{z + t). 

Fact 1 (Jacobi’s derivative formula). 

= -7ri?o,o(0,r)i?o_i(0,T)hli_o(0,T). 
Fact 2 (Transformation formulas). 


l9a,b(z:, T + l) = °V a,a+b-l(^: 

'!^a,b(-, —) = e(a6)./^e(^)db _a(z,T), 
r ^ V ^ 2r^ 

where y/rji is positive when r is purely imaginary. 

Fact 3 (Addition formulas, Jacobi’s identity). 

1^0,0(^1 + Z 2 )'& o ^ o{zi — 22)^0,0(0)^ = 1^0,o(2:i)^I?0,0(^2)^ + (^l)^"!^!^! (^2)^ 

= l^0,i(^l)^^0.i(22)^ + I?l,o(^l)^^i,o(^2)^ 

1^0,1(21 + Z 2 )\i(zi - Z 2 )\i{ 0 f = 'doAzif'^ 0 ,o{z 2 f - I? 1,0, 0 (^2)^ 

= I?o,i(^l)X|(^2)" - (^1)"I51,|(Z2)^ 

1^1, 0(^1 + Z2)l?i,o(^l - 22 )i?i,o( 0)^ = l^O,o(2:i)^I?0,o(Z2)^ - I?o,i (^l)^^0,i (^ 2 )^ 

= l^i,o(2l)^l^i,o(^2)^ - I?i,i (^2)^ 

■di,! (21 + Z2)'t}ii{zi - Z2)do,o(0)^ = (zi)^i?o,o(2:2)^ - 'do,o(zi)^di_i ( 2 : 2 )^ 

= ^0,i(^l)^'*^i,o(^2)^ — 'di,o(^l)^^0,i(^2)^, 
^o,o(0)^ = i?o.i(0)" + ^i.o(0)^ 

3.2. Formulas for r = i. In this subsection, we obtain several formulas for 

i9a,b(z, i) in the case of t = i. 

Lemma 1. We have 


'da.bi'iz.i) = e[ab)e:x.p{'Kz'^)d-b,a{z,i)j 


'do,o{iz,i) = exp(7rz^)i?o,o(z,*), i^o.i*) = exp(7rz^)di o(z,*), 

= exp(7r2;2)^g 1 ( 2 ,j), i{iz,i) = iexp{TTz‘^)'&i i{iz,i), 


^oL{0,i) =i5i,o(0,f) 


i?o,o(0a) 


Proof. For the i-multiple formulas, we have only to substitute t = i into the second 
formula for tt-a-b in Fact 2. We have dp 1 (0) = o(0) by substituting z = 0 into 

the identity between 'dQ i{iz) and i?i q(z). By Jacobi’s identity, we have dp,0(0)"^ = 
2i?o,i (0)^. Note that do,o(0) and i?q_i( 0) take positive real values. □ 
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Lemma 2. We have 


lyo.oK + i)z, i) - ^ (0,*)^ 1 ,o(0, *) ’ 

„ , ,1, ^?o,o(0,i)t^o.o(2,i)i?i.i(z,*) 

i((l+^)2,^) = e(-) 


^0 i((l +0^:*)^^i,o((l + ^^>0 = 


% exp(7ri(l + i)z'^)'0Q i(O, i)i? i o(0, i) ’ 
'do,o{z,iy - -doi{z,i)^-&iQ{z,i)^ 
exp(27ri(l + i)z'^)i9o,U0, *)' 


Proof. We set 


r]{z) = exp(7ri(l + i)2;^)'!5o,o((l + i)z,i). 

i + 1 


Since i^o.oiz) has simple zero at z = —^—, the function t](z) has simple zero at 

1 z 

z = 2’ 2' using the quasi periodicity of i?o,o(z), we can show that 

ri{z + 1) = —il{z), v{z + i) = — exp(—27rz(i + 2z))ri{z). 

Thus the function 

viz) 


is a holomorphic elliptic function with respect to Lf, it is a constant. We can 
determine this constant by putting z = 0. The second formula is obtained by the 

substitution z + - into z for the first formula. We show the third formula. By Fact 
3 for zi = z and Z 2 = iz, we have 

+ iz)^o^i^ - iz)'&o^i{0)^ = do^o{z)'^do^o{iz)'^ - i?i ^(z)^!?!_o(iz)^ 

This identity together with Lemma 1 leads the third formula. □ 

3.3. Formulas for t = C- In this subsection, we obtain several formulas for 
i9a,b(z, C) in the case of r = ( = ^ . 


Lemma 3. We have 


i?a.&(w2, C) = e(y + ab- ^)e(^)'d_^_^_i jz, C), 


i?a.b(w^z, C) = e{ab + 


,-l 


b'^ + b 1 \ / •2:^ N „ / 

1 


t?o,o(wz,C) =e(—)e(—)i?i o(z,C), i?o,o(w2z, C) = e(—)e(—)i?o_ 1 (z, C), 


^ 2C 


2W ^2uj> 

- 1 , 


= e(—)e(—)i?o,0(^,0, ^o,i(w^^,C) =e(—)e(y-)i?i o(z,C) 

1 


24^ ^2C 
1 


^^fii^zX) = e(y)e(y)^lo_i(z,C), = ^{7^)^{—)^ofiiz,0, 


24^ ^2w' 


where lv = = 


-l + ySi 


Proof. Fact 2 yields that 

i?a.h(y -^) = e(a6)e(^)e(y )i?6 _„(z, C), 

= ^la.b(-wz,C- 1) = _„+b+i(-a;z,C) = 1 (wz, 0- 
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By rewriting {a',b') = {—a,a — b—^) i.e., (a, b) = {—a', —a' — b' — \) for the identity 

e(a&)e(^)e(|^)i?6_„(2;,C) = ^ V -a,a-b-i C), 

we have the first formula. To get the second formula, substitute z = uP'z into the 
first formula. These formulas yield the others. □ 


Lemma 4. For t = (, we have 


'do,o((l + 0^) 


i?o,i((l + 0^) 


^i.o((l + 0^) 




i?o,o(0)2 

e(l)e((a;^ + |)^^) 
^o,i(0)^ 

e((a22 + |)z2) 






e{{u:^ + ^)z^) 

i?o.o(0)2 


dii{z){'do^Q{zf+idQi{zf}. 


Proof. We apply addition formulas in Fact 3 to 2i = z and Z 2 = C-^, and use Lemma 
3. For example, we have 


i?o,o((1 + C)2)^o,o((1-C)^)^o,o(0)2 




’?o,o((l - C)^) = ^o,o{-^z) = do,o{u}z) 

i^i,o(C2)^ = = i?i,o(a;2z)2 

which yield the first formula. 


= e(^)e(^)^o.o(^f, 


□ 


Lemma 5. Some theta constants 'i?a.6(0,C) ®ce related as follows: 

i^o,i(0,C) = e(-^)i5o.o(0,C), ^^i,o(0:C) = e(:^)i?o,o(0,C), 


^24^ 


i5|,i(0,C) = e(-^)i?i_i(0,C), ^^i,|(0,C) = e(^)i?i,i(0,C). 

(0,0 = e(^)^i?o.o(0,0, ^i,i(00 = 


Proof. By substituting z = 0 and z = (C + l)/3 into formulas in Lemma 3, we have 
the formulas in the first and second lines in this lemma. We show the formulas in 
the third line. Substitute z = (C + l)/3 and z = (^ + l)/6 into the first formula in 
Lemma 4. Then we have 


^o,o(C) 

>>0,0(1) 


(i)e((„o + |)(<^) ,C + 1,(, ,C + 1,= 

-WOF-'>4o(—)(>>o,o(—) 


(i)o((>0» + |)S#i-) ,C + 1,(, ,C + 1,2 
-- ’>4o(—)|'>o,o(— ) 


*^0.1 ( 
*^0,1 ( 


^ 0 ^ 
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By using shown formulas in this lemma, we can transform these identities into 




z?o,o(o, O' = ^1.1 (0,0(^1,1 (0,0" - C^i,i (0,0") • 
Note that the last identity is equivalent 

^o.o(0,O' + C^i.i(0,O' _C + 1 ^o,o(0,0' 


%i(0,O 


= ^..( 0,0 ^ 2 

By numerical computations, we can see that the identity 

holds. This identity yields that 

By numerical computations, we can select a square root of e(l/36) so that identity 
between i?i i (0, 0 and i?o,o(0,C) holds. □ 


4. The Schwarz map for (a,/3,7) = (1/4,0,1/2) 

We study the Schwarz map for (a,/3,7) = (1/4,0,1/2) and its inverse by using 
an elliptic curve with i-action and 'da,b{z,i). 

4.1. Abel-Jacobi map for Ci- Let Ci be an algebraic curve in defined by 

Ci : S2 = sosfisi - So). 

By affine coordinates {t,u) = (si/sq, S2/S0), Ci is expressed by 

— 1 ). 

Note that the point (t, u) = (0, 0) in Ci is a node. We use the same symbol Ci for 
a non-singular model of Ci. By a projection pr from the non-singular model Ci to 
the complex projective line arising from 

Ci 3 (t, u) I —t € C, 

we regard Ci as a branched covering P^ with a covering transformation pi arising 
from a map 

Pi '■ Ci 3 (t,u) 1 -^ (t,iu) S Ci- 

The branch points of pr are t = 0, l,oo. Each preimage of pr~^[\) and pr~^{oo) 
consists of a point; Pi = pr~^{l) and Poo = pr~^{oo) are expressed as {t,u) = 
(1,0) and [so,si,S2] = [0,1,0], respectively. On the other hand, the preimage 
pr“^(0) consists of two points, which are denoted by Pop and Pop. The point Pop 
corresponds to 

lim (x, ^x'^{x — 1)), argx^(x — 1) = TT 

tc—>-0 

a:e(0,l) 

for X in the open interval (0,1), and P0.2 is given by Pi{Po.i). By the Hurwitz 
formula, Ci is an elliptic curve. 

Let /loo be an oriented path in Q given by 

(x, ^x'^{x - 1)) G Ci, xG[1,oo], 

where ^x‘^{x — 1) takes real values for x G [1, 00) and the interval [1,00] is naturally 
oriented. We define a cycle B by /loo — Pi ■ /loo and a cycle Ahy pi ■ B. Since 

B- A = l, 
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A and B form a basis of 

The space of holomorphic 1-forms on Ci is one dimensional and it is spanned by 
a form expressed by 

udt dt 

The period integral ip is evaluated as 




dt , , „, 1 1^ 

— — = (1 — i)B( — , 


On the other hand, we have 

f f ‘P= [ Pi {‘P) 

JA J Pi[B) Jb 

We normalize p to pi as 


= i p. 
JB 


Pi = 




Then we have 


pi = l, pi=i 

IB JA 


and the Abel-Jacobi map 

:CiB P = (x, {/x^(x - 1)) t-A z = [ pi£ Ei = C/Li, 

JPi 

where = Zi -f Z C C. The map ji is an isomorphism between Ci and Ei. 
Proposition 2. The Abel-Jacobi map ji sends points Pi, Poo, Po,i o-nd Pop to 

t{Pi) = 0, t{Poo) = a{Po,i) = JiiPop) = ^ 

as elements of Ei. 

% ~t“ 1 

Proof. It is clear that ji{Pi) = 0 and ji{Poo) = —^—■ We have 


JiiPop) = 


1 


[l-^)B[\,\)Jl 

ini 


° , .,^,^s^i-s)ds ^ r{\fr{\) 

11 ^, exp(7rz/4)--- 


3(s-l) 72 r(i)2T(f) 


72 tt/ sin I 


Since Po ,2 = P*(Po,i), h{Po, 2 ) is equal to iji{Po,i) = ~^ = \ modLi. 


□ 


We consider the relation between the Abel-Jacobi map ji and the Schwarz map 
(4.1) 


X I—>■ 


/,(x) _ 2j2i 1 5 

(l-.jAW B(iJ) "'4'2'4'* P 


for By Corollary 1, its monodromy group is generated by the three 

transformations 

No : z i-A —z i, Ni -. z i-A iz, {NoNi)~^ : z >-A iz I, 

and this group is isomorphic to the semi-direct product (i) k Z[i]. Note that the 
information of a branch of fjx^ix — 1) is lost in the Schwarz map. Thus we can 
regard the Schwarz map as the Abel-Jacobi map ji modulo the actions of pi and i; 
that is ^ 

Ci/{pi) 5 X i-A J Pi £ Ei/(i), 

where (pi) and (i) are the groups generated by pi and i, respectively. 




















10 


YUTO KOGUCHI, KEIJI MATSUMOTO, AND FUKO SETO 


4.2. The inverse of ji. In this subsection, we express the inverse of the Abel- 
Jacobi map ji in terms of 'da,b{z, t). We fix the variable t to i and denote i9a,b(z, i) 
by '&a,b{z) in short. Since the pull-backs j~^ (t) and j~^ (u) are elliptic functions 
with respect to the lattice they can be expressed as 

in terms of i9a,b(z). It turns out that the map 

Ei 3 z 1 -^ (0t(z), 0u{z)) G Ci 

is the inverse of ji . 

Theorem 1. The inverse of ji Ci 3 (t,u) ^ z & Ei is given by 
^ _ 2 ^ _ 2’ 2 ^ ' 


'0o,oi^c)^ 




i}oi{z,i)dio{z,i)i)ii{z,i) 

u = -{l- i) -2- ^ ^ ^ -. 

vo,o[z,ty 


The holomorphic 1-form ip = 


udt 




on Ci corresponds to 


I T 


2(1 - i)7ri?o,o(0, j) = (1 - -)dz 


4’ A' 


by the Abel-Jacobi map ji. 


Proof. We regard the coordinate t of Ci as a meromorphic function on Ci. Its 
divisor is 

2^0,1 + 2Po, 2 ~ 4Poo. 

1 

We construct an elliptic function for Li with zero of order 2 at 2 = —, — and pole 

1 1 

of order 4 at z = —-—. Since 


the function 


2.(0,i)+2.(i,0)^4.(i i) modZ^ 


'&o,i{z)'^'di^o{zy 


■^o.oizy 


i 1 


becomes an elliptic function for Li. Moreover, it has zero of order 2 at z = 2 ’ 2 ’ 

pole of order 4 at z = ^ ^ , since tta.biz) = 0 if and only if z = (~a+^)*+(~^+^) 

mod Z^. Thus the pull-back E(P) of this function under the map ji is a constant 
multiple of t by Proposition 2. Let us determine this constant. Lemma 1 yields 
that 

^^o,o(0)4 “ i?o.o(0)4 “ 2' 

Thus 2E(P) is equal to t. 

Similarly we regard t — 1 as a meromorphic function on Ci whose divisor is 

4Pi - 4P„o. 


di i(zy 

9)9' ■' 

1 ^ 0 , 0 ( 2 ;)^ 


The function 
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becomes an elliptic function for Li with zero of order 4 at z = 0 and pole of order 4 
^ H“ 1 

at z = —-—. The pull-back of this function under the map ji is a constant multiple 
of t — 1. By substituting Pq.i into this pull-back, we can determine the constant. 
We have 

'di 1 (-z)^ 

t-l = _ 

i?o.o(^)4 ■ 

By regarding the coordinate u of Ct as a meromorphic function on Ci, we see 
that its divisor is 

Tb,i -f ^0,2 + Pi — SPoo- 

Thus it is the pull-back of 

1^0,1 (2:)l?i^o(z)l^i^i(z) 

1^0,o(z)^ 

under ji, where c is a constant. Let us determine c. By = t^(t — 1), we have 


^o,o(-z)^ 


1^0,o(z)^ 


i^o,o(zy 


which yields that = —4, i.e., c = ■ (1 + i) for some k G {0,1, 2, 3}. 

By the expressions t, t — 1 and u in terms of 'da,biz), it turns out that the 

holomorphic 1-from ip = ——^ corresponds to 




tit-1) 

1^0,1 1,1(2:) 

■do,oiz)^ 


1^0,oiz)'^ 


-'&o,oiz)'^ 


4 :{i}o,oiz)^' 0 o,oizydi iiz)^ - 1?1,1 1 (z)'i^o,o(z)-^} 

I?0,o(^)® 

O'fcn A {^0 ,o(2:)'i9i,i(^)-i?i,i(2:)'i?o,o(2:)} 


dz 


which should be a constant multiple of dz. By putting z = 0 and using Fact 1, we 
have 

ip = -2i'=(l -h i)7r-do,o(0)^j- idz). 

Since 'do,o(0)^ and 




ip = 


3i{P^) 111 

- 2 z''(l -I- i)TTdf) o( 0 )^fiz = - 2 z''(l -|- i) 7 r-do o( 0 )^ • — 


are positive real, k is equal to 1. Hence we have the expressions of u and ip. □ 

Corollary 2. Let z € Ei be the image of it,u) G Ci wnder the Abel-,Jacobi map ji. 
Then we have 


.ii2 i?i,i(2:)^ 

* t ~ Koiz)^ ’ 


l + i— = V2 ’\ 

t i?o,o(2) 


* t ~"^Koiz)^' 


Moreover, Ha,biz)’s satisfy relations 

V^^iiz)"^ = i?o,o(^)^+ V2Hi^oiz)^ =i5o,o(^)^-i?i,i(2:)^. 

Proof. The first identity is a direct consequence of Theorem 1. The right hand 
side of the second identity is an elliptic function with respect to Li. It has zero 
of order 2 at jiiPo,i) and pole of order 2 at ji(T’oo)- Since Pq.i corresponds to the 

TT 

limit as t —^ 0 given by the branch of u with arg(u) = — on the interval (0,1), 

2 2 

lim i— = —1. By comparing the zero and pole of both functions, 1 -I- i — is a 
i-s-O t t 
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1^0.i (-2^) 

constant multiple of the pull-back of under ji. We can determine this 

constant by the substitution z = Q. The third identity is obtained by the action 

. . . 

of Pi on the second identity. By eliminating i— from these identities, we have the 
relations among da,b{zys □ 

Corollary 3. We have 

9 rn 

wo,o(0,z) = 


v^47r3 

Proof. By Theorem 1, we have 


^0 i ( 0>0 o ( 0:0 = 


n\) ^ 


Note that do,o(0) and are positive. To show the rest, use the inversion formula 
for the T-function and Lemma 1. □ 

Corollary 4. The inverse of the Schwarz map (4-1) for J^(i,0, i) is given hy 


X = 2- 


'&o,o{zy 


9?0,o(^) 


4 ■ 


Proof. It is clear by Theorem 1. We can check this map is invariant under the 
action of (?) by Lemma 1. □ 

Corollary 5. For any point z around 0, we have 

2v^ ,1 1 

4’2’4’ 

Proof. By Corollary 4, we have 

2v^ A 1 5^ ^i^{z,iy _ 

r{Pf i^o,o(z,i) M’2’4’ 

modulo the monodromy group of J^(|,0,i). Since the both sides of the above 
become 0 for 2 = 0, their difference is represented as the group (i). Consider the 

limit of the both sides as z —>■ - along the imaginary axis. Use 


-1 

9?o.o(fu) "*'^2 ■ 2 


1^0 i(0u) 


and the Gauss-Kummer formula 

^(a:,/3,7; 1) = 

for Re(7 — a — ft) >0. 

4.3. (1 -I- i)-multiplication. 


2 ' 9?i,o(0u) 

r(7)T(7 -a- 13) 
r{j - a)r{-f - p) 


= -b 


□ 


Theorem 2. Let z G Ei be the image of {t,u) € Ci under the Abel-Jacobi map ji. 
Then we have 


(4.2) 


J-yil + ^)z) = 


't-2 


, (1 -I- i)- 


i(2-t) 
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Proof. We set 

By Theorem 1, we have 

/o,i ((1 + o((l + 0^)^ 


t' = 2- 


-1^0,0 ((i + 


'i9oi((l + i)z)i9io((l + i)z)^ii((l+i)z) 
“ - ^o.o((l+ ■)»)» -■ 


We transform them as 

<|(0m,o(0) (^o,o(z)^-^o,.(z)^^.,o(z)r 

joi(oy^io(o)^ -^o,i(y^^i.oyyy (2 \ 


= -(!-*) 


^o,i(0)'^io(0)' 


2(i)i^o.o(0)i?o,o(2)i?i i(^:) i?o,o(2)^ - I^o.i 


^o,i(0)^i,o(0) 

1 


^o,i(0)^?i,o(0) 


i^o,o(0)3 l?o i(z)3i?i o(2;)3 


= -V2 




l^O,o(0)2 1 ?o_i(2:)3i5i_o(z)3 

dQ^l[z)Hl^Q{zYdQ^Q{zf ^ l?o l(z)2^l_o(z)2^o,o(^)^ 

4 u 2 m u( 2 — t) 

= (! + *)- 


(1 — i) ^2 (1 — i) t 

by Lemma 2 and Theorem 1. 


t2 


□ 


5. The Schwarz map for (a,/3,7) = (1/3,0,1/2) 

In this section, we study the Schwarz map for (a, (3,7) = (1/3,0,1/2) and its 
inverse by using an elliptic curve with (/-action and 'da,b{z,(^), where (/ =- - -. 

5.1. The Abel-Jacobi map for C^. Let be an algebraic curve in defined 
by 

C(; :sl = SoS?(si - So). 

By affine coordinates {t,u) = (si/sq, S 2/S0), is expressed as 

Note that {t,u) = (0,0) is a triple node and [so,si,S2] = [0,1,0] is a node. We 
use the same symbol for a non-singular model of C^. We regard Cq as a cyclic 
6-fold covering of the f-space with covering transformation 

, , / >\ > —3 

Pi; : {t,u) ^ {t,Cu), C=-^-• 

The branching information of this covering is as in Table 2. Here we set some points 
in the non-singular model as follows: 

Po.i = lim (t,— 1)^/®), Po ,2 = Pc(^o,i), Po,3 = pliPop), 
te(o,i) 
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ramification point 

^0,1 

Po,2 

Pq,3 

Pi = (1,0) Poo.l 

Poo,2 

projected point 

0 

0 

0 

1 oo 

OO 

ramification index 

2 

2 

2 

6 3 

3 


Table 2. Branching information 


Poo.l= lim - 1)^/®), Poo.2 = PciPoo.i), 

t—¥CO 

t€(l,oo) 

where arg(t) = arg(t — 1) = 0 on the open interval 1^0 = (l,oo) and arg(t) = 0, 
arg(t — 1) = TT on the open interval Iq = (0,1). By the Hurwitz formula, C(^ is an 
elliptic curve. 

We can regard t and u as meromorphic functions on C(^. We give some mero- 
morphic functions on and their zero and pole divisors as in Table 3. Pay your 


functions 


zero divisor 


pole divisor 


SPoo,! + 3 Poo,2 
3Poo,l + 3 Poo,2 

6Pi 

2Poo,l + 2 Poo,2 

Pcx3,l T Poo,2 

3Poo,l + 3 Poo, 2 
3Pi 
2Pi 
2Pi 
2Pi 


t 

t-l 


1 + 


1 


t-l 

u 




( = yiyvi)) 


w 
t 
u' 

Ht-I) 


t ( 

1 H-2 ( “ 1 -aG 

1+^ =1+ 

V 


2Po.i + 2Pc 


0,2 


-2Pr 


0,3 


6Pi 


2Po,i + 2 Po^2 + 2Po,3 


Po,l + P ),2 + ^0,3 


Pn .2 + Po,3 + Pi 
2Pi 

Po,l + Po ,2 + Po,3 + 3Pl 
Po,l + Po ,2 + Po,3 
2Po,i 
2Po,2 

Table 3. Meromorphic functions on 


u 


attention to the last three meromorphic functions for the setting of branch of u. 
Note that 



1 + 


1 

t- I 


The preimage of /oo under the natural projection consists of six copies • loa 
(i = 0, 1,..., 5). Since the terminal points of ■ loo coincide with that of loo, the 
formal difference B = p^ ■ loo — P^ ■ loo = (1 — P^) • /oo is a cycle of C^. Let A be the 
cycle Pq ■ B. Then the intersection number B ■ A ol the cycles B and ^ is 1. Thus 
the cycles A and B form a basis of the first homology group Hi {C(; , Z) of Cc;. 

A non-zero holomorphic 1-form i/; on is given by 


t^dt udt — ly/^dt 

t{t — 1) t{t — 1) 


It is easy to see that 
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Note that 

^ = sl/3-l(l _ s)l/6-lrfs = b (^, i) , 

We normalize tp to 'tpi as 

1 

tpi = 


then we have 

f 4 ’!= C, / V”! = 1- 

Ja Jb 

The Abel-Jacobi map is defined by 

JC : Cc 9 P ^ / i/'i e Pc = C/Pc> 

JPi 

where Lc = + Z C C. The map Jc is an isomorphism between Cc and Pc- 

Proposition 3. We have 

JciPl) = 0> Jc(-Poo,l) = jdPoo, 2 ) = 

JciPo,i) = JciPo, 2 ) = —, Jc(-Po,3) = 2 

as elements of E,^. 

Proof. It is obvious that Jc(-Pi) =0- It is easy to see that 
Jc(-F’oo,i) = di = 

^ 2^ + 2 

Vi = I PcKWi) = UCl-f'oo,ij = - 

’Pc’ 


Jc(-Poo,2)=/ V"! = / Pcidl) = CjciPoo,!) 

V PC lac JIaa 


Note that 


X(A.) =/y-= (I 


3 

dt 


mod Pc- 




dt 


til - t) 


tit-1)’ 




'2’ 6' 


Thus we have 

. f(^ p(ii) (C+i)e(^) r(i)r(i) v/3e(l) 

^ 1-C^ B{h-e) 3 P(i)P(|) 3 2 2- 

The rests are obtained as 

Jc(-Po.2) = Oc(-Po,i) = mod Pc, Jc(-Po,3) = C‘^JciPo,i) = ^ ^nod Pc, 

since Po,2 = Pc ' Po,i and Po,3 = Pc ’ -I^o,i- □ 

We consider the relation between the Abel-Jacobi map Jc and the Schwarz map 

for P(i,0, i). By Corollary 1, its monodromy group is generated by the three 
transformations 


Nq z I—)■ —z J- A^i z I—)■ fz^ iN^Ni) I z I—)■ f z P 1 
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and this group is isomorphic to the semi-direct product {() k h[(]. Note that the 
information of a branch of u = ^x^(x — 1) is lost in the Schwarz map. Thus we 
can regard the Schwarz map as the Abel-Jacobi map modulo the actions of 
and C; that is 


Cc/ (pc) ^ ^ i’l ^ E(^/{Q. 


5.2. The inverse of We express the inverse of the Abel-Jacobi map jij. We 
regard the coordinates t and u as meromorphic functions on C(. The pull-backs 
{t) and (u) are elliptic functions with respect to the lattice they can 
be expressed as 

in terms of theta functions with characteristics. It turns out that the map 

E(^ 9 z I—>■ {9t{z),6u{z)) G C(^ 

is the inverse of . 

Lemma 6. Let z be the image of {t,u) G under the Abel-Jacobi map. Then we 
have 


1 -I- 4^ = Vii 


'>^o,o(z,(y 


Proof. By Table 3, we have 




t 

1 H- 5 " = c * 






—2 ~ 


d1 1 (z)2’ 

2 ’ 2 

where c is a constant. We substitute Pop into the above, we have 


1 — w = c 


^o.o(C/2)^ 


which yields c = -x/SL The rests can be shown similarly. 

\2 


□ 


Lemma 7. The functions i?q 1 (z,C)^ and di q(z,(^)^ are expressed as linear com¬ 
binations of 'dofi{zX)'^ anddi i{zX)‘^- 

do i{z,Cf =e{^) (do,o{z,Cf - uj^di i{zXf) , 

= e(^) (i?o.o(2;,C)^+wi?i,i(z,C)^) ■ 


Proof. By Lemma 6, we have 


-V3 

73 


i?i i(z)^ 

o • 9 V / 

^^0,17)^ 


1 = w— 




di lizV 
2 ’ 2 

which yield this lemma. 


-1 = 


= O' 


73? 


di 1 (z)^ 

di i{zy 


- 1 


□ 


Lemma 8. Let z be the image of (t,u) G Cq under the Abel-Jacobi map. 
have 

.-lx .X/:— ^ 0 , 0 ( 2 ;, C)’?oi(^7)’?io77) 


t{t-l) 


47 ^- 




Then we 
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Proof. By Table 3, we have 


tit - 1) 


^ i(z)3 ’ 

o , o '• ' 


where P is a constant. We consider the limit as t —>■ oo with t G (1, c»), u € (0, c»). 
The left hand side of the above converges to 1. On the other hand, the right hand 
side of the above converges to 


= _ i _ 11 + 


= c'ef 


(5 


i( 0 )di 5(0)d5 1 ( 0 ) 

3’3 ' 3’6^ ' 6’3'^ 


d..(0)3 


di i(0)3 X I 

= c'^^=c'eil) 




'3 8 24 6' 1 ? 11 (0)3 11 (0)3 

6 ’ 6 6 ’ 6 

by Lemma 5. Hence we have c' = e(^) -1^27. 

Theorem 3. The inverse of jq : Ci; 9 (t, it) i— >■ 2 ; G E(^ is given by 
-3v^ido,o(2, C)^ 


□ 


t = 


(y3ii?o,o(^,C)^ -1?! i(^,C)^)^ 


u = e(^) 0^o,i C) 


(y3ido,o(z, 0^ - i?! i C)^)" 


Proof. Note that 


+ :72) (1 + (1 + 1 + Te - ^ + 


t 




t- 1 


By Lemma 6, we have 
1 + 

which yields 

t = 


t- 1 


* di i(z)6 

2 ’ 2 ^ ' 

3V3ido,o(2)^do i(z)2di o(z)2 


3^ido,o(^)2do,i(z)2l?i_o(2:)2 + di_i(z)6 
Rewrite ^md 1^1 ^ 0 ( 2 ^)^ the denominator of this expression by do,o(-7)^ 

and di 1 (z)^ by Lemma 7. Then it can be factorized as 

^VSi-do.oiz)‘^^o.iizf^loizf + = -iVSi^oA^f - 

Hence we have the expression of t. 

t 7/3 

are expressed in terms 


t Xl 

By Lemmas 6 and 8, the functions 1 H—r and — -r 

t[t — 1) 

"Da,biz, O' We have 


u = 


tit-l) 




i?o,o(z)do 1 (z)i?i 0 ( 2 :) y3ii?o,o(z)2 - i?i,i(z)^ 


1?! 1 ( 2 )^ 
2 ’ 2 ^ ' 


"di 1 izy 

2 ’ 2 ' ' 


—di 1 
2 ’ 2 


(z)e 


3y3ido,o(z)2do 1 (z)2i?i o(z)2 + i?i i (z)6 


8 -Syhi'Do,oiz)‘^\iiz)^^ioiz)^ - ^ 4 . 4 ( 2 ^)® 





















18 


YUTO KOGUCHI, KEIJI MATSUMOTO, AND FUKO SETO 


Note that the denominator of the last term is (\/3i'i9o.o(^)^ — Hence we 

have the expression of u. □ 


Corollary 6. The pull back of the holomorphic 1-from ip = 


udt 


Jc ^ 


t(t-l) 


under the map 


.-Is 


e[—)2n^do,o{0X?dz. 
The theta constant do,o(0,C) evaluated as 


The other theta constants 'da,b{Q,0 

d 5 i(0,C) =e(—)—di 5(0,0 = 

6.3''’'’^ H44^ 27r ’ 3.5''’'’'' 044^ 27r '^3^ 

Proof. Recall that 


t- 1 


di 1(2;)® 


Thus we have 
dt 
¥ 




dz 


-303z 


(z)' • 'dofi{z)Ho^i{z)^'di^o{z)^ 
i?o,o(^:)^do,i(z) 4 di ^0(2)4 

d3^3(06.(do.o(OX.i(^)^^i.o(^)^)' 

do,o(^)% 


where f{zy = ^ . Since if = u ■ -—- ■ —, the pull-back of if under the map 


dz 


t-1 t2 


dz. 


Ji- ^ is e(-H) times 

6 do,o(z)^^?o i(2:)^di^o(z)^di 1(2:)'- di^i(z)(do,o( 0 ^do^i(z)^di_o(^) 0 ' 
(03ii?o.o(z)2 - di^i{z)‘^)^do,o{z)\iiz)'di^o{z) 

It should be a constant times dz. We determine this constant by substituting z = 0 
into the above. By Fact 1 and Lemma 5, we have 


= e(^)27rv/^do,o(0,C)^d^:- 


Note that 


B{fl)=f* = Jp'W = e(-i)2,</27tf,,o(0,<)= ■ (^ - o) 


hdPi) 

by Proposition 3. The well-known formula 


r(-) = —^r(-Y 
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yields that 


B(- = ^^3)^(6) _ 

6^ ra) ^TT • 


r{^ 


Hence we evaluate the theta constant as 


i?o,o(0,Cf = e(-) 


lx ^ ^,1^3 




We can determine the sign of 'i?o,o(0j C) by a numerical computation. The rests can 
be obtained by Lemma 5. □ 

Corollary 7. The inverse of the Schwarz map (5.1) for i) is given hy 

^ _ -3V3zi?o,o(2,C)^^o,i(2:,C)^’?i.o(2^:C)^ 

Cy - i^i,i {z, C)^)^ 

Proof. It is clear by Theorem 3. We can check this map is invariant under the 
action of {() by Lemma 3. □ 


Corollary 8. For any point z around 0, we have 


•v^TGttC^ 

w 


■F 


.1 1 7 




ll- ^3) 


’^opjzX) 


6' 2’ 6’ X. xzxr - v^t^opizxrr 


) = ^- 


where the branch of the square root is selected as = C for ^ ~ 

Proof. Let z be the image of the Schwarz map (5.1). We have seen in Proof of 
Theorem 3 that 

1 3V3ii?o,o(^:)^i^o.ii( 2 ^)® ( 2 :)^ - V3ii?o,o(z)^)^ 


1 — X 


ill l(z)® 


I?! l(z)^ 


Thus we have the desired identity modulo the monodromy group of J'(b,0, i). 
Since the both sides of the above become 0 for z = 0, their difference is represented 

as the group ((}. Consider the limit of the both sides as z —^ along the segment 

connecting 0 and Since 1/(1 — cc) converges to 1 by this limit, it turns out that 
X converges to 0. Use 

and the Gauss-Kummer formula. □ 

5.3. (1 + (((-multiplication. 

Theorem 4. Let z € be the image of (t, u) G C(^ under the Abel-Jacobi map j(^. 
Then we have 


(5.2) 


j-^((l + C)^) = 


(4t-3)3 ’ (4t-3)2 J ■ 


Proof. We set {t',u') = j/^^((l + C)'^)- Then t' is given by the substitution z to 
(z + l)z into the expression of t in Theorem 3. Rewrite i?a,6((l + C)-^) m terms of 
ila,b{z) by Lemma 4. Its numerator N(t') is 

N{t') =3V^i'do,o{zyilo.^izf^^,oizf 

X (i9o,o(z)^ - *i9o,i(^)^)^(^o,o(^)^ + 
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and its denominator D{t') is 

Dit') (z)2)(do,o(2)'‘ - 

+ 2i{VS'di^g{zf - dl l (2:)2)do,o(z)^i?o.i(^)^}^- 

In this computation, the theta constants do,o(0), do_i(0), di_g(0) are canceled by 
Lemma 5. Divide them by di i and rewrite 


UJt 


do.o(z)2 1 + ^ ^ + ^ 1 + 




di i(z)2 ’ di 1(^)2 _V3 ’ 73 ■ 


Then we have 


t' = 


-(t® +m®)(7 - 8m®)^ 
27ui8 





27m18 


(4t - 3)3 


where we use the relation u® = — 1). 

By the same way, we can express u' in terms of da,6(z)’s, whose numerator N{u') 
and denominator D[u') are 

• (1^0.07)*^ + 

D{u') ={(73di,o7)2 + di,i (z)7(do.o7)" - ^o,i(7") 

- 2i(73di_o7)2 - dl l (z)7do,o7)^i?o,i(^)^}^- 

Divide them by di i (2:)®(-\/3ido,o(2)^ — di i(z)^)^. We factor out u from the 
numerator as 

_ N{u') _ 

di^i 7)8(73ido.o(z)^ - 

{A,Az f - ^{"^oA^y + ^o,A^y) (^^ 0 , 0 ( 2 )^ +*1^1 o7)^) 


= lU- 


'di 1 (z)® 

o 1 o ^ ' 


Since the rest terms are expressed in terms of da,{,(z)^, we can compute them quite 
similarly to the case of t'. Hence we have 


(3z-73) (-7+87) A //(t3+47)2\ 3 + 73* (9-8t) 


18m8 





(4t - 3)2 ■ 


It is easy to see that satisfies u'® = A{t' — I). 


□ 


6 . Limits of mean iterations 

6.1. Limit formula by F{j^ 7 j'^A- Theorem 2 is interpreted as follows. 
Theorem 5. Let = (x, ~ 1)) ® point of the curve C. We set 


P.' = 


(2 — x)^ (I + *)(2 — x)Ax'^{x ~ 1) 


G C. 


Then we have 


(fi = {1 + i) tp mod (*) K Zb]. 
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Corollary 9. The following identity holds around x = 1: 

J_h 1 i 5 1 i 5 i_,) 

'4’2’4’ ) '4'2’4’ '■ 

Proof. Theorem 5 implies that 

f/t^t-l)dt r f/P{t-l)dt ^ 

/ Wibiw "<'+■)/ 

Note that 

, 4^?2Z^ = 2,/2(l + jNT^F(i 


1 - 


(2-xr 


4x — 4 _ ,, — X 


for 0 < a; < 1 and arg(l — (2 — x)‘^lx‘^) = tt. We can cancel the factor — a; 
and determine the action of (i) k Z[i] by the substitution a; = 1. Thus we have the 
desired identity. □ 

Let a = ai and 6 = be positive real numbers. We dehne a pair {a„, fonlneN of 
sequences by the recursive relations 


( 6 . 1 ) 


^n+1 — 


'*'71 t 


bn+l — 


Hn (Hn “t” 6n) 


Corollary 10 (A formula in Theorem 2 in [HKM]). We have 
lim On = lim bn = 


n—^oc 71—^00 jr( 1 1 —-I — 

^ U’ 2’ 4’ IJTi 

Proof. We can show that the sequences {a„} and {&«} converge and lim a„ = 

n—^oo 

lim bn by Lemma 1 in [HKM]. Substitute x = 2a/{a + b) into the identity between 

n—¥oo 

hypergeometric series in Corollary 9. Since 

2 — a: b 

X a ’ 


we have 


^ M’2’4’ w „ , 


M’2’4’‘ a + y 
(a + 5)/2 


p/1 1 5.1 12 

^ U’ 2’ 4> 


p ( 1 1 5.7 _ ( ■v/a(a+b)/2 \ 

^ I 4’ 2’ 4’ 1 (a+&)/2 I 


02 


P/- 1 1 5.1 N 

■f'U’ 2’ 4>^“ 


P(1 1 5.1 K\ 

^ U’ 2’ 4’ ^ “ PI) 

bl 


The last term is equal to lim a„ since lim = 1 and F(^, ^0) = 1. □ 


Hence we see that the (1 + *)-multiple formula (4.2) in Theorem 2 implies this 
limit formula for the sequences defined by the mean iteration (6.1). 
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6.2. Limit formula by F{^, |;x). Theorem 4 is interpreted as follows. 


Theorem 6. Let Px = {x, ^x'^{x — 1)) he a point of the curve C/^. We set 

9 — 8x 


Px' = 

Then we have 




{Ax - 3)2 


eCc. 


'Pi 


'0 = (1 + C) / "0 mod (C) K Z[a;]. 


'Pi 


Corollary 11. The following identity holds around x = 1: 

1 


^6’2’6’ ’ V4F^"^6’2’6 


.1 1 7 a:(9-8o:)2 

Vfi’ o’ fi’ ^ _ q^3 /’ 


(4a; — 3)3 


where ^40; — 3 = 1 for x = 1. 
Proof. Theorem 6 implies that 


f/P{t — l)dt _ /■“ \/F{t — T)dt 


t{t-l) 


.v.oj: 


tit-1) 


mod {() K Z[a;], 


for x' = 


, a;(9 — 8 x)2 


(4a; — 3)3 


. By this relation, there exists k G N such that 


(iLEEEHf,! I 7 x(9-8xf 1 17, 

^ 0^773 '6’2’6’ (ix-ZY’ '‘ + OV 


We cancel (1 + C)-^l — x and \j21{x — 1), and choose fe = 0 so that the identity 
holds for X = 1. □ 

By Corollary 11, we define two means as follows. We solve the cubic equation 

x(9 — 8x)^ 6^ 

(4x — 3)3 a? 

of the variable x, where we assume 0 < a < b. A real solution xo of this equation is 
\/ 




: ^ ^b+ — a2 — ^b— z/lP — a2^ 


We set 

( 6 . 2 ) 

Note that 


Vi 


= b+ — a?, ri 2 = b — \/h‘^ — a?. 


2 Vi+m . Vi-m [7-2—2 

ViV 2 = a, -- = b, --- = y/b‘‘-a'‘. 


2 ’ 2 
We express xq and 4xo — 3 in terms of iji and 772 as 


Xo = 


im - m)!^ 

3 iff^A 

4 y/jy? + 






+ 1 


4xo - 3 = - 


im - m)!^ 


vi - + 2 


- 3 = 




\/b? + f/m^+ 
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Thus the identity in Corollary 11 is transformed into 


3 U’2’6’ oD' 

This formula is equivalent to 

/g gx _a_^_ mi{a,b) _ 

p{ 1 1 1- T — b‘^\ p/'iiZ-l — ^2ia,b)^ \ 
'^\^6’2’6’ J '^\^6’2>6’ mi{a,b')'2 J 

if we define two means mi and m2 of positive real numbers a and b by 


mi(a, b) 


7,2/3 


2/3 , 1/3 1/3 

Vi +Vi V 2 


2/3 

V 2 


V3 


m2 (a, b) 


2 


where rji and 7)2 are given in (6.2) with conditions 


71 

6 







Let ai = a and 61 = 6 be positive real numbers. We give a pair of sequences 
{o-n, bn}nGm with initial terms ai = a, bi = b by the recursive relations 


(6.4) 


Hn+l — mi (Un , &n) ; ^n+1 — m2 {cin , bji ). 


Corollary 12 (A formula in Theorem 3 in [HKM]). We have 


lim a„ = lim bn 

n—>-oo n—700 


F 


• 1 b2\ 


Proof. It is shown in §5 of [HKM] that the sequences {a„} and {bn} converge and 
satisfy lim a„ = lim bn- By (6.3), we have 

n—^oc n—¥oo 


a 



02 

as 



fA i ^-1 
1^6’ 2’ 6’ -* 

\ 

a2 J 


i ^-l 
’ 2 ’ 6 ’ 

-i) 

bl\ 



(Xn 



= lim On, 
n—^oc 




^ 1 i Z-1 
6 ’ 2 ’ 6 ’ 

bi \ 

1 



6^ ( 
since lim = \ and F{ i i 

n-7oo On 2 

ho) 

= 1. 



□ 


Hence we see that the (1 + <C)-multiple formula (5.2) in Theorem 4 implies this 
limit formula for the sequences defined by the mean iteration (6.4). 
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